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• Introduction : evidence of dispersive Alfvén wavesin the solar wind
and the terrestrial magnetosheath and of the signature of coherent structures

• Minimal model: Hall-MHD
Parametric instabilities
Specificity of the dispersive case: modulational instabilities
leading to soliton formation

• Long-wave asymptotic equation for AW: the DNLS equation
An integrable equation with
chaotic propertiesin the presence of forcing

• Evidence of filamentary structures in the magnetosheath
A possible origin:  AW transverse instabilities
An envelope model
Direct simulations of filamentation in 3D Hall-MHD

• Filamentation in density channels:more robust and exists in large domains
of parameter space

• Investigation of the influence of Landau damping.



Magnetosheath: transition region between 
the solar wind and the terrestrial 
magnetosphere (limited by the bow shock)

Solar wind: flow of collisionless magnetized 
plasma originating from the expansion of the 
solar corona. It meets the neighborhood of 
the earth with a supersonic relative velocity 
(200 km/s < v < 900 km/s) leading to a shock 
wave (bow shock).

Magnetosphere: region occupied by the 
dipolar terrestrial magnetic distorted by
the solar wind. Its external limit is the 
magnetopause (interface of magnetic
fields of different natures).

Quasi-perpendicular shock: when the angle � between the interplanetary magnetic field and the normal
shock is 45°< � < 90°, the shock front is well defined, its thickness is of the order of the ion Larmor radius.
Downstream of the shock, magnetic fluctuations 10/1/ 0 »BBd

Source of the fluctuations: ion-temperature anisotropy  
(produced at the bow shock and  at the magnetopause).

Mechanism to relax this anisotropy: Anisotropic Ion Cyclotron (ACI)  (� < 1 or ~ 1) or mirror (larger � ) instability.

ACI dominantly unstable modes: parallel-propagating Alfvén waves with frequency comparable to but smaller
than ion gyrofrequency. Resonance interaction of ACI waves or mirror modes with ion gyromotion
reduces ion  perpendicular energy. 
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Observations by CLUSTER satellites downstream the quasi-perpendicular shock
[Alexandrova et al., J. Geophys. Res. 109, A05207 (2004); 111, A12208 (2006)]

Presence of almost monochromatic left-hand circularly polarized Alfvén waves

Hodogram

Quasi-monochromatic  dispersive Alfvén waves are commonly 
observed in the solar wind and the magnetosheath



Magnetic energy spectrum in the magnetosheath
downstream of the bow  shock  
(Alexandrova et al., JGR, 2006).

Solar wind turbulent spectrum 
(Alexandrova et al., 2007)

Space plasmas such as the solar wind
or the magnetosheath are turbulent
magnetized plasmas with essentially 
no collisions. 

Observed cascade extends beyond 
the ion Larmor radius: kinetic effects
play a significant role.

Another issue:

Formation and evolution of small-scale 
coherent structures (filaments, shocklets, 
magnetosonic solitons, magnetic holes) 
observed in various spatial environments :

Typical length scale of the structures:
a few ion Larmor radii.

Magnetic energy spectrum in the magnetosheath
close to the magnetopause (Sahraoui et al., PRL 2006)

Here identified as mirror modes using k-filtering technique:
modes with essentially zero frequency in the plasma frame



The Alfvén wave cascade develops preferentially perpendicularly to
the ambient magnetic field.
Assuming frequencies remain relatively small in comparison with
the ion gyrofrequency, the dynamics should be dominated by
Kinetic Alfvén waves (and slow modes, but these ones are highly dissipative).
KAWs have been clearly identified using k-filtering technique in the cusp region
(Sahraoui et al. AIP, 2007).

Another medium where KAWs play a fundamental role is the solar corona,
where they are believed to mediate the conversion of large-scale modes
into heat.



Linear stability and nonlinear dynamics of parallel Alfvén waveswas 
extensively studied. This will be rapidly reviewed in contexts where
the dispersive effect of the Hall termis important.

In a second part,  special attention will be paid to transverseor
filamentationinstability, that provides a mechanism to concentrate 
magnetic energy into magnetic filamentsparallel to the ambient 
field. 



Hall-MHD equations

One fluid model
Scales >> ion Larmor radius
Electron inertia neglected
Landau dampling neglected
Temperature anisotropy neglected
Not valid for very oblique propagation: FLR needed

1=iR

velocity unit: Alfvén speed
length unit: ion inertial length
time unit: ion gyroperiod
density unit: equilibrium density
Magnetic field unit: ambient field

Take



Exact solution: Alfvén wave propagating along the ambient field (taken along the x-axis)

Dispersion relation for 
forward propagation:





























JGR 112, 12101 (2007)



T=100

Initial condition : soliton
Harmonic forcing at k=50. 
Very small dissipation
Energy increases and then saturates

T=190 T=275

Problem initially investigated by Buti and Nocera, Solar Wind 9, AIP (1999).

Abrupt transition

K0 spectrum due to
sharp solitons

Second transition

In the presence of a driver the 1D DNLS equation can lead to spatio-temporal chaos



Transverse instabilities



Two examples of magnetic waveforms (left) 
and corresponding hodograms in the plane perpendicular
to the ambient field.                                          

Field aligned  magnetic filaments with a radius  ~ ion inertial length

Observedmagnetic
filamentsin the 
magnetosheath behind the 
quasi-perpendicular bow
shock(Alexandrova et al. JGR, 2006).

Some of these filaments are 

associated with AIC waves.



Are the observed magnetic filaments  produced by Alfvén wave
instability or, differently,  are they Alfvén vortices, either of MHD
type (Alexandrova et al., 2006)or of drift-kinetic type(Sundkvist et al. 2005)?

QUESTION:

This issue is beyond the aim of the present talk.



We here concentrate on transverse Alfvén-wave instabilities at scales
of the order of ion Larmor radius or larger.

Previous work are mostly concerned with the case of homogeneous plasmas:

• Investigation of parametric instabilities of finite amplitudedispersive AW subject
to strictly transverse  perturbations with finite wavenumbers: 
- purely growing in time (Kuo, Whang and Lee 1988) 
- in the convective case (Kuo, Whang and Schmidt 1988). 

• Vinas and Goldstein (1991) investigate a similar situation , but also consider
oblique instabilities.

Small-scale filamentation is almost insensitive to the value of  �



AW instabilities in the limit of small (perpendicular) 
perturbation  wavenumber: amenable to a multiscale formalism, 
suitable to address the weakly nonlinear regime.

• Shukla, Feix and Stenflo (1988) and Shukla and Stenflo (1989) derive
envelope equations for AW, KAW, IAW in various contexts based on 
general formalism(that usually requires specific conditions).

• Champeaux, Passot and Sulem (1997) derive envelope equations from
Hall-MHD and study the effect of longitudinal modulation which can
arrest transverse collapse.



Envelope dynamics in 3D(Champeaux, Passot & Sulem, J. Plasma Phys. 58, 665, 1997)

Absolute  dynamics: initial value pb in T
Convective dynamics: initial value pb in X



Possible wave collapse(finite-time blow up) when� r > 0

k
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The Nonlinear Schrödinger equation:
Self-focusing and Wave Collapse
C. Sulem & P.L. Sulem
Springer  1999



(k<< 1)

Direct numerical simulation
for an AW propagating from 
displaying left to right and 
showing the front wave 
distortion in the region where 
the largest wave intensities
(white regions)

(from NLS)

Schematic Alfvénic
wave front subject to 
filamentation
(propagation from left to 
right)
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Existence of large-scale instability strongly sensitive to the � of the plasma.

May be competing with other instabilities.

NLS equation: filamentation instability leads to wave collapse (finite-time singularity). 

Physically: formation of intense magnetic filaments.

k/4k/4





•Direct simulation of the convective case is difficult

•Predictions based on NLS are similar in both the convective
and absolute regimes provided time and space are exchanged
and slow fields adjusted

•We thus resort to the simulation of the absolute case



Small amplitude wave: (NLS regime)
Large-scale instability
Intenseamplification

Large amplitude wave:
small-scale instability
Moderateamplification

Direct numerical simulation of Hall-MHD  equations 
IC: plane AW  + large-scale, small amplitude noise.
Dynamics very close to the predictions of NLS at early time

5.1=b



Dynamics very close to the predictions of NLS at early time

A single filament ends up dominating



Comparison of direct numerical simulation and Schrödinger asymptotics:

Schrödinger asymptotics.



(a) Streamlines together with transverse cut for the 
longitudinal velocity
(b) Isosurface of                    with plasma velocity
arrows in a transverse plane. Colors refers to 
longitudinal velocity

Formation of intense jets
reaching the Alfvén velocity
Intensification of wave energy
by a factor 120

Transverse size of filaments �
ion inertial length

35.0=b̂







Emergence of the nonlinear structures after a very long linear phase.

The outcome is sensitive to oblique and longitudinal competing 
instabilities and also to deviations from monochromatic character
(e.g. not long enough Alfvén wavetrain).

;



Effect of oblique instabilities

.Effect of large-scale longitudunal instabilities



Filamentation of parallel Alfvén waves in the presence of a 
density  channel (duct)along the ambient field. 
The plasma density inside the duct can be higher (high-density duct) or 
lower (low-density duct) than the density outside the duct. 

D. Borgogno, D. Laveder, T. Passot, C. Sulem & P.L. Sulem, Phys. Plasmas, 15 062302-(1-12) (2008).



Field-aligned density channels 

• frequently encountered in the magnetosphere where they play the
role of ducts that guide whistler waves 
(see e.g.  Karpman and Kaufman 1982, Pasmanik and Trakhtengerts 2005, 

Stretlsov et al. 2006, 2007).

• typical density cavities encountered in auroral acceleration 
regions where they affect the interaction of Alfvénwaves with
the plasma, with consequences on the plasma acceleration
(see e.g. Génot, Louarn and Mottez 2004).

• Can also correspond to pressure balanced structures almost 
aligned with the ambient field, resulting from mirror instability.

• Could also be relevant for the solar corona



Filamentation process is strongly reinforced by a 
field-aligned density channel: 

• it prescribes the transverse character  of initial perturbations,  
thus making filamentation phenomenon  more robust

• it permits the formation of magnetic filaments of moderate
amplitudein regime where, in its absence, no filament can 
form.  



Effect of a density channel : crr +=1 with 

Adds a linear potentialto NLS equation for the wave amplitude

Other longitudinaly averaged fields:

+

(up to a constant)



2D NLS  equation with linear potential 

Four different regimesdepending on the attracting/repulsing character of 
the linear/nonlinear potentials.

2D NLS equation strongly sensitive to the effect of an additional term
(critical dimension). 

For example, depending on the conditions, an attracting potential can either accelerate or 
inhibit the collapse of  2D focusing NLS equation
(LeMesurier et al.,  Physica D 2003, PRE 2004).



Plane monochromatic AW in low-density channel
aligned with the ambient field

Strong amplification
(here factor 80 on wave energy)

Filamentationsignificantly faster
and much more robust

� = 1.5

Width of the channel is  typically  half the wavelength of the most unstable NLS mode 



Low-density channel  of 
10% magnitude.

Transverse magnetic field 
at the center of the structure 
(__) and at its maximum (---)

NLS simulation

Hall-MHD simulation



Longitudinal velocity: spirals in both directions
More intense in forward direction (here 0.2 Va)



Hall-MHD simulation

Longitudinally averaged amplitude in the transverse plane

Integration  of focusing NLS with attracting 
Potential in the same conditions

Arrest of collapse by attracting potential at critical dimension:
Linear potential isolates a small fraction of the wave energy, 
insufficient to focus, while
the rest of the energy disperses, then making nonlinear effects not 
strong enough to
produce blowup. This can lead to a stable oscillatory beam.



Low-density channel  of 
30% magnitude.



Filamentation of modulated AW in density dips

Ultimate formation of longitudinal gradients.
More robust than in homogeneous plasmas.
Earlier saturation due to presence of harmonics

Concentration of AW energy in the density
channel and extension in a longer filament.

5.1=b



Case without dispersion: propagation in density dip

Wave energy displays spiraling structures 

5.1=b



AW in a high-density channel

At the level of the NLS formalism, the nonlinearity is focusing, while the density hump
acts as a repulsing  potential: AW is expulsed: formation of a magnetic ring that broadens.

Transverse magnetic field

Transverse profile 
at increasing times 

Direct HMHD simulation NLS equation with potential
Intensity in a transverse plane

:
::

:

� =1.5



Local reduction of the ambient field

In the regions from where the wave is expulsed,
anticorrelation between parallel magnetic field 
perturbations and density 



� =0.3 

No filamentation
AW is expulsed

low-density channel

Nonlinearly defocusing
Repulsing potential



AW in a high-density channel� =0.3

High -density channel  of 10% magnitude.

Region of 
strong density

magnetic filament
(amplitude amplified
by a factor 3)

Hall-MHD simulation

The system evolves towards
astationary solution.NLS equation



High-density channel  of 20% magnitude� =0.3

Transverse magnetic field 
at the center of the structure 
(__) and at its maximum (---)

Hall-MHD

NLS



Conclusion: 

The presence of a density channel  considerably extends the regime 
of formation of Alfvén wave  filaments, even if their amplitude 
saturates at a moderate value.

Question: 

Is the filamentation instability preserved in the presence of 
Landau damping?



Filamentation instability preserved in the presence of Landau damping

In a homogeneous plasma: reductive perturbative expansion of Vlasov-Maxwell
equations in the limit of long-wavelength Alfvén waves supplemented by envelope
reduction (Passot and Sulem, Phys. Plasmas 10, 3914, 2003)

• leads to a NLS eq. with additional diffusive term originating from Landau  damping 

• provides conditions on ion-electron temperature ratios, temperature anisotropies, 
value of � for linear instability relatively to large-scale perturbations.

Nonlinear evolution and influence of density channels presently studied with
Landau-fluid modelsthat extendanisotropic Hall MHD by retaining Landau
damping and FLR corrections(closure of the fluid hierarchy in a way consistent 
with the low-frequency linear kinetic theory).

For the sake of simplicity, electrons assumed isothermal  in Landau fluid simulations.



t/10

ie TT 10=
Low density 
channel

2
^B
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Formation of a magnetic filament of moderate
amplitude in the presence of Landau damping. 

Landau fluid 
simulation

(ion beta)

Instability for a restricted range of parameters
(as predicted by NLS theory).

15.0=b



� =0.1

� =0.1

� =0.1

1/ =ie TT

1/ =ie TT

High density channel: formation of filaments of moderate intensity

At the NLS level: defocusing nonlinearity,
attracting potential, diffusive term (Landau damping).

1/ =ie TT



Conclusions I.

Filamentation of dispersive Alfvén wavesin inhomogeneous 
plasmas (density channels) can occur for a broad range of 
parameters, leading to stable structures with moderate amplitudes
of solitonic type, that survive in the presence of Landau damping.

They could provide an alternative to Alfvén vortices to interpret the 
vortex filaments commonly observed in space plasmas.



How do the coherent structuresaffect the turbulent
cascades and spectra?

Power laws are not necessarily the signature of a cascade

What dominates at scales smaller than the ion gyroradius:
whistlers?
kinetic Alfvén waves?

A proper dissipation should be used for quasi-collisionless plasmas:
Collisions are the ultimate mechanism leading to thermalization
of dissipated kinetic energy.

Conclusions II.


